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Abstract. The aim of this paper is to show 3D numerical results on progressive fracture of the 
concrete at aggregate level using discrete element method (DEM).  The test were performed for 
three point bending beam. Concrete was modelled as heterogeneous material consisted four 
phases: aggregate, cement matrix, interfacial transitional zones (ITZs) and air voids. The 
microstructure of sample as position and shapes of aggregate and air voids were taken directly 
from laboratory test. The non-destructive method of X-ray microCT scans was used. The 
numerical results (both macro- and microscopic) were directly compared with own laboratory 
test and previous 2D calculations. The special attention was lied on the crack geometry 




Fracture of the concrete materials strongly depends upon a heterogeneous structure of 
materials over many different length scales. It is a fundamental and complex phenomenon in 
quasi brittle materials [1-3]. To better understand its behaviour the meso-scale level should be 
accurate described in numerical analysis. The concrete sample may be described as a four-phase 
material composed of aggregate, cement matrix, macro-voids and interfacial transitional zones. 
The presence of aggregate and ITZs is particularly important since the volume fraction of 
aggregate can be as high as 70-75% in concrete. The calculation outcomes in [4,5] evidently 
showed that considering real size and shape of aggregate was essential. Also the ITZ phase 
should be modelled since it is always the weakest regions in usual concretes wherein micro-
cracking starts [6]. The highly heterogeneous ITZ are attractors for a crack propagation. ITZs 
are porous regions of the cement paste around aggregate particles which are perturbed by their 
presence. Its thickness is about 5-50 m. Their origin lies in the packing of the cement grains 
against the much larger aggregate that leads to a local increase in porosity (micro-voids) and a 
presence of small cement particles. A paste with the lower w/c (higher packing density) or made 
of finer cement particles or smooth aggregates lead to ITZs of a smaller extent. (higher packing 
density) or made of finer cement particles or smooth aggregates lead to ITZs of a smaller extent. 
These layers are highly heterogeneous and damaged and thus critical for the concrete behaviour. 
The accurate understanding of the properties and behaviour of ITZ is one of the most important 
issues in meso-scale analyses because damage is initiated in the weakest region and ITZs are 
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just the weakest link in concrete.  
The meso-modelling can be used to comprehensively study local phenomena at the micro-
level such as the mechanism of the initiation, growth and formation of localized zones and 
cracks which affect the macroscopic concrete behaviour. In this paper the discrete element 
method was chosen as a good tool to describe fracture [2,4,5,7-16].  A non-linear response of 
concrete during bending under 3D conditions was analysed. The calculations were performed 
with the 3-dimensional open-source code YADE which was developed at Grenoble University 
[17,18]. A linear contact under compression was used. The normal and tangential contact forces 
satisfied the cohesive-frictional Mohr-Coulomb equation [12]. The internal structure of 
concrete (size, shape and location of aggregate and macro-voids, micro-porosity) was directly 
taken from 3D x-ray images using the micro-tomography SkyScan 117 [4,5]. The numerical 
results were compared with previous 2D calculations and with laboratory test [4]. The special 
attention was laid on the crack path and on influence of the ITZs properties.  
2 OWN LABORATORY TEST ON CONCRETE BENDING BEAM 
The notched concrete beam was used in experiments, with height H=80 mm, width B=40 
mm and length L=320 mm. Notch was located in the middle and its height and width was equal 
8 mm and 3 mm (Fig.1). The concrete mixture was composed of aggregate and sand grains 
(dmax=16 mm, d50=2 mm), Portland cement (CEM I 32.5 R) and water (the compressive strength 
was about 50 MPa). The total particle (aggregate and sand) volumetric content was V=75%. 
The total aggregate content with the diameter equal to or larger than 2 mm was V=37%. The 
initial porosity of concrete was about 5%.  The concrete sample was subjected to quasi-static 
three-point bending test. The vertical force Fmax was equal to 2.15 kN (the flexural tensile 
strength was ft,flex=3.73 MPa). The more details about experiment can be found in [4,19].  
 
Fig.1: Geometry and boundary conditions of concrete beams subjected to three-point bending [4] 
The distribution of aggregate and macro-voids in the concrete beams was determined based 
on microCT images of concrete cuboids (80×50×40 mm3) cut from the middle part of beam 
after the tests [4]. Figure 2A shows 3D images of concrete internal structure obtained with the 
aid of SkyScan 1173 which represents a new generation in high-resolution desktop X-ray 
micro-computed tomography systems [19]. 
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A)      B) 
Fig.2: Experimental results: A) X-ray CT images of cracked cuboidal specimens 80×50×40 mm3 cut out from 
beam and B) scanning electron micrographs of ITZs around aggregate particles (magnification factor 1000) [4], 
[19] 
The mine crack was strongly curved along beam height and width due to a random presence 
of aggregate grains and air voids (Fig.2A). It starts just above the notch and propagated upwards 
due to bending. The crack solely propagated through the weakest phase in concrete which 
were interfacial transitional zones (ITZs). Sometimes the crack can also propagate through a 
weak aggregate particle. Thus micro-cracking occurred first in ITZs and when two interfacial 
cracks occurred around adjacent aggregates, a crack inside the cement matrix initiated to bridge 
the interfacial cracks so that a connected crack path was formed. In order to observe porous 
structure of ITZs and measure its width, the scanning electron microscope (SEM) Hitachi 
TM3030 was used. The maximum magnification factor was 30’000. The width of ITZ varied 
between 30-50 μm and it did not depend on aggregate particle diameter (Fig. 2B) [4]. ITZs 
appeared around all aggregate grains (da2 mm) and usually covered about 80-90% of the 
aggregate circumference that was probably caused by a formation of water lenses beneath 
aggregate grains during mixing [23]. Other our experimental results showed that the width of 
ITZ reduced with decreasing aggregate roughness [5]. 
3 DISCRETE ELEMENT METHOD MODEL 
The numerical analysis was performed by discrete element method (DEM). The open-source 
code YADE, developed at University of Grenoble, was used [17,18]. The code was successfully 
used for describing the behaviour of different engineering materials with a granular structure 
(mainly of granular materials by taking shear localization into account [20-23]). This model 
show also its capabilities in concrete fracture calculations under bending (2D analyses) [4] and 
uniaxial compression (2D and 3D simulations) [5,12].  Main advantage is ability to explicitly 
handle the discrete/heterogeneous nature of the material by modelling particle-scale properties 
including size and shape which play an important role in concrete fracture [4,5].  
The algorithm used in the presented paper is based on the classical discrete element method 
formulation described by Cundall and Strack [24]. First, based on constitutive laws, interaction 
forces were calculated, when elements slightly interpenetrate each other. Next, the Newton’s 
second law was used to compute acceleration of each particle, which was then time integrated 
to find the new position. This process was repeated until the simulation was finished.  
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The model takes advantage of the so-called soft-particle approach (i.e. the model allows for 
particle deformation which is modelled as an overlap of particles). During the simulations, 
particles may overlap that can be interpreted as a local contact deformation. A linear normal 
contact model under compression was used. The normal force was not restricted in compression. 
The interaction force vector representing the action between two spherical discrete elements in 
contact was decomposed into a normal and tangential vector, respectively. The normal forces 
acting on spheres were modelled by an elastic law with cohesion. The normal and tangential forces 
were linked to the displacements through the normal stiffness Kn and the tangential stiffness Ks 
(Fig.3) [17] 
                                                                    NUKF nn

 ,                                                                  (1) 
                                                               ssprevss XKFF

 , .                                                         (2) 
where U is the overlap between spheres, N

 denotes the normal vector at the contact point, X

  
is the increment of the relative tangential displacement and prevsF ,

 is the tangential force from 
the previous iteration. The stiffnesses were computed as the functions of the modulus of 
elasticity of the grain contact Ec and two neighbouring grain radii RA and RB (to determine the 
normal stiffness Kn) and the modulus of elasticity Ec and Poisson’s ratio υc of the grain contact 
and two neighbouring grain radii RA and RB (to determine the tangential stiffness Ks), 
respectively [17] 















 .                   (3) 
If two grains in contact have the same size (RA=RB=R), the numerical stiffness parameters 
are equal to: Kn=EcR and Ks=υcEcR, respectively (thus Ks/Kn=υc).  




 satisfied the cohesive-frictional Mohr-Coulomb equation 
(Fig.4d), used to capture the non-linear nature of concrete 
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and 
                                0tan||||||||  ns FF
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     (after contact breakage),                                  (5) 
where μ denotes the inter-particle friction angle and sFmax

 is the cohesive force between spheres. 
In tension, the maximum admissible normal force was nFmin

 if there was no a geometric contact 
between elements. If this normal force between spheres nFmin

 was reached, the contact was 
broken. Moreover, if any contacts between grains re-appeared, cohesion between them was not 
taken into account. A crack was considered as open if cohesive forces between grains (Eq.4) 
disappeared when a critical threshold was reached. The movement of fragments (mass-spring 
systems with cohesion) was similar to the rigid body movement.  
A choice of a very simple constitutive law was intended to capture on average various 
contact possibilities in real concrete. Both the interparticle cohesive force and tensile force were 
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assumed as a function of the interparticle cohesive stress C (maximum shear stress at pressure 
equal to zero), interparticle tensile normal stress T and sphere radius R [17], [25]  
 2max RCF
s                      and                         2min RTF
n  .                      (6) 
 
A)   B)
C)   D) 
Fig.3: Mechanical response of DEM: A) tangential contact model, B) normal contact model, C) loading and 
unloading path in tangential contact model and D) modified Mohr-Coulomb model [12] 
For two elements in contact, the smaller values of C, T and R were used. Because the proposed 
DEM is a fully dynamic formulation, a local non-viscous damping scheme was applied in order 
to dissipate excessive kinetic energy in a discrete system and facilitate convergence towards 
quasi-static equilibrium [26]. The damping parameter αd was introduced to reduce contact forces 
acting on elements 




  ,                                             (7) 
where kF

 are the kth-components of the residual force and translational velocity, 
respectively. The positive damping coefficient αd was smaller than 1 (sgn(•) returns the sign of 
the kth component of velocity). The equation could be separately applied to each kth component 
of the 3D vector x, y and z. The crack was not allowed to propagate through aggregate grains, 
i.e. the grain breakage has not been taken into account yet. 
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4 NUMERICAL ANALYSI 
4.1 Input data 
The concrete was modelled as four-phase material which consist aggregate cement matrix, 
ITZs and macro voids. The full 3D DEM analysis was performed on one concrete beam with 
exactly the same location and shapes of aggregate and macro voids as in experiment. 
The specimen density (different phases) was determined with the aid of x-ray micro 
tomography. To describe the position of each voxel and its density (Figs.4Aa and 4Ba) the wave 
front *.obj file format was used. The high density shows aggregate (Fig.4Aa). The voxels with 
the density equal to the air density were assumed to be the macro-voids (Fig.4Ba). Next, the 
density volume was filled in with spheres (Figs.4Ab and 4Bb). The aggregate particles with the 
diameter higher than 2 mm were modelled only. The numerical volume of aggregate was 37% 
as in the experiment. All aggregate particles (2 mm<da≤16 mm) were modelled as grain clusters 
with the diameter of d=2 mm (included from 2 up to 300 depending on its diameter) and all of 
them included ITZs around. ITZs were simply modelled as contacts between aggregate and 
cement matrix grains (thus they had no a physical width) in order to reduce calculations time.  
Note that simulation of the width of ITZs (0.03 mm - 0.05 mm) in the cement matrix would require 
very small spheres that would hugely increase the computational time. The spheres (0.5 
mmdcm<2 mm) were solely assumed in the cement matrix; thus the smallest particle diameter 
in the specimen was 0.5 mm. The cement matrix grains filled the concrete specimen in about 
97%. The macro-voids (with the diameter dmv1 mm) were modelled as empty regions.  
a) b)          a) b) 
                                       A)                                                                                          B) 
Fig.4: Three-dimensional view on aggregate (A) an macro-voids (B): a) based on density maps from x-ray micro 
tomographic images and b) replaced by elements (each colour corresponds to different diameter of aggregate 
cluster or macro-void) 
The following five main local material parameters were needed for our discrete simulations: E, 
υ, μ, C and T. In addition, the particle radius R, particle mass density ρ and damping parameters αd  
were required. Note that material softening was not assumed in the numerical model. The material 
parameters were calibrated in our previous 2D calculations [4]. The following parameters of the 
cohesion C and tensile strength T were used in all DEM analyses for the mid-region of the beam: 
cement matrix (Ec,cm=11.2 GPa, Ccm=140 MPa and Tcm=25 MPa) and ITZs (Ec,ITZ=7.8 GPa, 
CITZ=100 MPa and TITZ=17.5 MPa), which was 30% weaker than cement matrix. The choice of 
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reduction ratio was based on the experiments by nanoindentation [27]. With the assumed material 
properties and grain size distribution curve, the 2D and 3D DEM simulations provided the 
uniaxial compressive strength of about 50 MPa. similarly as in the experiments of Section 2 
(fc=51.81 MPa). In the remaining region outside the meso-region with large grains (Fig.5) was 
described by the same constants as form the cement matrix. The remaining parameters were 
constant for all phases and regions: υc=0.2 (Poisson’s ratio of grain contact), μ=18o (inter-particle 
friction angle), αd=0.08 (damping parameter) and ρ=2.6 kG/m3 (mass density). The prescribed 
damping parameter αd and loading velocity v=2 mm/s did not affect the results (the inertial number 
I was <10-4 that always corresponded to a quasi-static regime) [12].  
The beam with 3D particle clusters (Fig.5) included in total about 230'000 elements (220'000 
elements in the meso-region 180'000 in the cement matrix and 40'000 in the aggregate) with 
dmin=0.5 mm. The calculations time was about 10-12 days using PC with CPU 3.30 GHz. 
The detailed calibration procedure was described by [4,5,12] based on real laboratory tests on 
uniaxial compression or uniaxial tension of concrete specimens.  
a) b) 
Fig.5: Geometry of concrete beam  model in DEM: a) front side of entire beam and c) 3D aggregate with ITZs in 
meso-region of 50×80×40  (each colour correspond different aggregate particles) 
 
4.2 3D DEM results 
The macroscopic numerical curves of vertical force versus CMOD were shown in Fig. 6. 
The 3D results were compared to previous 2D calculations and laboratory test. The obtained 
force peak (F=2.14 kN for CMOD=0.015 mm) was in good agreement with the experiment 
(F=2.18 kN for CMOD=0.017 mm). The residual force (CMOD=0.1 mm) was however higher 
by 100%. As compared to 2D results [4], the compressive strength was the same but the ductility 
was higher. Our earlier computations for uniaxial compression and tension [5,12] showed,  the 
3D calculations increase concrete ductility. The 3D curve was smoother than 2D curves due to 
a significantly larger number of particles in computations.  
The crack path from 2D and 3D calculations and from laboratory test were presented in Fig. 
7. The numerical crack shape in the vertical cross-section at the depth of 10 mm (Fig.7Ba) was 
like as in the experiment (Fig.7Aa). In the mid cross-section (Fig.7Bb) the shape was similar, 
however the aggregate just above notch was surround by crack from the other side than in the 
experiment (Fig.7Ab). Neverless both cracks ended at the same aggregate. In cross-section at 
the depth of 30 mm, the crack’s onset had a different direction (Fig.7Ac) and furthermore the 
crack encircled next one aggregate grain along the opposite side, but finally ended at the same 
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position as the experimental macro-crack. As compared with 2D calculations [4], the calculated 
3D crack path was similar (Figs.7Ca and 7Cc) or more realistic (see Fig.7Cb). 
 
 
Fig.6: Evolution of vertical force F against CMOD in beam under 3-point bending: a) experimental curve (a), 
calculated curves in 3 different vertical cross-sections by 2D DEM (b-d) [4] and e) calculated curves by 3D 
DEM 
  A) 
  B) 
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  C) 
Fig.7: Final crack trajectory in concrete beam above notch after test for CMOD=0.1 mm: A) based on micro-CT-
image (red colour shows crack path), B) 3D DEM and C) 2D DEM [4] (red colour denotes elements with broken 
contacts, dark grey denotes aggregate, light grey denotes cement matrix) at depth of: a) 10 mm b) 20 mm and c) 
30 mm from beam front side 
4.3 Effect of ITZs properties 
In Figure 8A the force – CMOD curves ware plotted for different strength of ITZs. The 
computations were performed for different ratios Ec,ITZ/Ec,cm=CITZ/Ccm=TITZ/Tcm=r (with r=0.5, 
0.7 and 0.9). The concrete beam stiffness and strength increase, since higher ratio was used (Fig. 
8A). The material ductility increased with decreasing ratio r due to the growth of the macro-
crack’s propagation way through bridging interfacial micro-cracks. Thus, the macro-crack was 
more curved with the smaller ratio r (Fig.19B). For the ratio r=0.9, the macro-crack was almost 
straight. It propagated mostly through the cement matrix. For the ratio r=0.5, the macro-rack 
was more curved and propagated through the mortar and ITZs. The effect of r was similar in 
3D and 2D analyses. 
In Figure 9 the influence of the size of aggregates with ITZs was presented. Computations 
were done for ITZs phase around aggregate with diameter higher than 2mm (curve b) or higher 
than 3mm (curve c). The concrete strength, stiffness and brittleness became slightly higher with 
the smaller number of ITZ. The macro-crack’s shape was not affected since the macro-crack 
was mostly attracted by ITZs located at large aggregate grains. 
A)  
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b) c) d)  B) 
Fig.8: Effect of ITZs on evolution of vertical force F against CMOD (A) and crack shape (B) in beam under 3-
point bending: a) experimental curve, b) Ec,ITZ/Ec,cm=0.5, CITZ/Ccm=0.5 and TITZ/Tcm=0.5, c) Ec,ITZ/Ec,cm=0.7, 
CITZ/Ccm=0.7 and TITZ/Tcm=0.7 and d) b) Ec,ITZ/Ec,cm=0.9, CITZ/Ccm=0.9 and TITZ/Tcm=0.9 (crack is shown in vertical 
cross-sectional slice at 10 mm from front specimen side for CMOD=0.1 mm)  
 
Fig.9: Effect of aggregate diameter with ITZs on evolution of vertical force F against CMOD in beam under 3-
point bending: a) experimental curve, b) aggregate diameter da2 mm with ITZs and c) aggregate diameter da3 
mm with ITZs 
5 CONCLUSIONS 
This paper shows capability of discrete element method (DEM) in fracture concrete 
calculations. The improvement between 2D and 3D calculations was presented. The 3D 
DEM model allow to understand micro-phenomena behaviour and predict the progressive 
nature of concrete fracture from the meso to macro level. Discrete models might 
progressively replace expensive experimental tests to study the influence of concrete meso-
structure (aggregates size, aggregate shape, aggregate roughness, aggregate/mortar volume, 
micro- macro-porosity etc.) on the concrete behaviour. Thus the parametric studies within 
DEM might be used for the practical design of concrete with the improved desired 
performance. Directly from our numerical analysis, the following main conclusions may be 
pointed: 
- The real shape of aggregate and the ITS around them have to be taken into calculations 
in order to realistic model micro fracture in concrete samples (i.e. bridging, branching). 
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- The influence of ITZs properties cannot be neglected in concrete modelling. With 
increasing stiffness and strength of this phase, the sample behave more brittle and its 
strength increase. 
- The concrete strength, stiffness and brittleness became slightly higher with the smaller 
number of ITZs expressed by the larger diameter of aggregates da including ITZs.  
- The shape and width of FPZ were more realistic since 3D calculations were performed. 
The macro response in force – CMOD curve was smoother, due to larger number of 
spheres in sample.   
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